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Electric displacement intensity factor (EDIF)This paper presents a modiﬁed interaction energy integral method to analyze the thermal stress intensity
factors (TSIFs) and electric displacement intensity factor (EDIF) in nonhomogeneous piezoelectric mate-
rials under thermal loading. This modiﬁed method is demonstrated to be domain-independent, even
when the nonhomogeneous piezoelectric materials contain interfaces with thermo-electro-mechanical
properties. As a result, the method is shown to be convenient for determining the TSIFs and EDIF in non-
homogeneous piezoelectric materials with interfaces. Several examples are shown, and they successfully
verify the domain-independence of the present interaction energy integral. The study results also show
that the mismatch of material properties can signiﬁcantly inﬂuence the TSIFs and EDIF, particularly when
the crack tip is close to the interface. Crack angles and temperature boundary conditions are also shown
to signiﬁcantly inﬂuence the TSIFs and EDIF.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric materials, which can be used in sensors, ultra-
sonic transducers, and piezoelectric motors, have attracted the
attention of many researchers (Sosa, 1992; Suo et al., 1992).
The piezoelectric effect is identiﬁed as the reversible interaction
between a mechanical stress and an electric voltage in such a
material, i.e., an applied mechanical stress generates a voltage,
and an applied voltage changes the shape of the material. In pie-
zoelectric materials, fracture is an important failure mode (Rao
and Sunar, 1993). Further understanding of the fracture mecha-
nism in piezoelectrics will contribute to better applications of
these materials.
Many researchers have studied the fracture problems in piezo-
electric materials under mechanical loading and thermal loading
conditions. Sosa (1992) deduced asymptotic expressions for the
electromechanical ﬁelds in the vicinity of the crack and studied
the effects of the electric ﬁeld on crack arrest and crack skewing
in two-dimensional piezoelectric materials. Zhang et al. (2002)
and Zhang and Gao (2004) presented the theoretical analyzes
and experimental observations of the failure and fracture behav-
ior of piezoelectric materials. Ueda (2007a,b, 2008) obtained the
thermal stress intensity factors (TSIFs) and electric displacement
intensity factor (EDIF) in a functionally graded piezoelectric strip
by solving a series of singular integral equations. Wang and Mai(2002, 2003) and Wang and Noda (2001) studied the fracture
problems in piezoelectric materials under steady state thermal
loading and thermal shock loading. Kuna (2006) and Kuna and
Ricoeur (2008) deﬁned a thermo-electro-mechanical J-integral
and studied the thermal crack problems in smart structures.
Rao and Kuna (2010) obtained the stress intensity factors (SIFs)
and EDIF using interaction integrals in functionally graded piezo-
electric materials subjected to thermal loading. However, the
authors did not consider a situation in which the piezoelectric
materials contain interfaces. Rao (2009) and Rao and Kuna
(2008) also studied the fracture problems in functionally graded
magneto-electro-elastic materials subjected to mechanical load-
ing using the domain form of interaction integrals. Yu et al.
(2012) used interaction integrals to solve the SIFs and EDIF of pie-
zoelectric materials with complex interfaces. The investigators
proved that the interaction integral formulation does not involve
any derivatives of mechanical and electric properties. However,
they did not consider the thermal fracture problems of the piezo-
electric materials.
Although many publications present studies of the mechanical
and thermal fracture problems of piezoelectric materials, essen-
tially no reports of thermal fracture problems have been given
when the integral domain in piezoelectric material contains inter-
faces. Hence, in this paper, we aim to develop a modiﬁed interac-
tion energy integral method that can be used to obtain the
fracture parameters in nonhomogeneous piezoelectric materials
with interfaces and to study the effects of material discontinuities
on the TSIFs and EDIF.
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In this section, ﬁrst, the temperature ﬁeld for the thermal frac-
ture problem in piezoelectric materials is determined. Then, the
governing equations for a piezoelectric media subjected to thermal
loading in the absence of body forces, electric charges, and heat
sources are presented.
The temperature ﬁeld is assumed to satisfy the 2-D steady
Fourier heat conduction equation,
kx
@2T
@x2
þ ky @
2T
@y2
¼ 0; ð1Þ
where kx and ky are the thermal conductivities along the x-axis and
y-axis. As shown in Fig. 1, the applied boundary conditions are
Tjð06y6L;x¼0Þ ¼ T1; Tjð06y6L;x¼WÞ ¼ T2;
@T
@y

ð06x6W;y¼0Þ
¼ 0; @T
@y

ð06x6W ;y¼LÞ
¼ 0: ð2Þ
In the Finite Element Method (FEM), the temperature distribu-
tion in an element can be expressed as
Teðx; yÞ ¼ NTe ¼
Xm
i¼1
NiTi; ð3Þ
where N is the shape function in which the ith component is Ni and
Te is the node temperature in which the ith component is Ti. In this
paper,m = 4 denotes that a 4-node element is adopted. The integra-
tion of the Fourier heat conduction equation leads toZ
A
Ni kx
@2T
@x2
þ ky @
2T
@y2
" #
dxdy ¼ 0: ð4Þ
The equation for the temperature of the element can be written
as
½KefTeg ¼ 0; ð5Þ
where the heat conductance matrix of the element, given as Ke, is
½Ke ¼
Z
A
@NT
@x
@N
@x
þ @N
T
@y
@N
@y
" #
dxdy: ð6Þ
The assembly of the temperature equations of every element
leads to the global temperature equations groupPolarization
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Fig. 1. An edge crack in a nonhomogeneous piezoelectric plate containing an
interface.½KfTg ¼ ffg; ð7Þ
where [K] is the global stiffness matrix, {T} is the vector of nodal
temperature, and {f} is the vector of the corresponding element
force. Using Eq. (7) and the temperature boundary conditions, the
temperature ﬁeld can be calculated.
The governing equations for a piezoelectric medium subjected
to thermal loading in the absence of body forces, electric charges,
and heat sources are given below.
The constitutive equations for the piezoelectric material are
rij ¼ Cijklekl  elijEl  kijDT
Di ¼ eiklekl þ jilEl  viDT
ði; j; k; l ¼ 1;2;3Þ; ð8Þ
the kinematic equations are
eij ¼ 12 ðui;j1 þ uj;i1Þ; Ei ¼ /;i; ð9Þ
and the equilibrium equations are
rij;j ¼ 0; bDi;i ¼ 0; hi;i ¼ 0; ð10Þ
where hi =  kijDT, hi and kij are the heat ﬂux and the coefﬁcients of
heat conduction, respectively. Additionally, DT is the difference of
the absolute temperature between the temperature and the
stress-free reference temperature T0. In Eqs. (8)–(10), a comma de-
notes partial differentiation, and the repeated indices denote sum-
mation; ui, rij, /, Di, and Ei are the elastic displacements, stresses,
the electric potential, electric displacements, and the electric ﬁeld,
respectively; Cijkl, elij, jil are the elastic stiffness, piezoelectric con-
stants, and dielectric permittivity, respectively.
In Eq. (8), the temperature stress coefﬁcients kij and the pyro-
electric displacement constants vi, which are related to the tensors
of the thermal expansion coefﬁcients akl and the pyroelectric ﬁeld
constants gl, are shown below:
kij ¼ Cijklakl  elijgl;
vi ¼ eiklakl þ jilgl:
ð11Þ
We deﬁne emkl and E
m
l , which are the electromechanical parts of
the total strain etkl and the total electric ﬁeld E
t
l , as
emkl ¼ etkl  ethkl ¼ etkl  aklDT;
Eml ¼ Etl þ Ethl ¼ Etl þ glDT;
ð12Þ
where ethkl and E
th
l are the thermo-electro-mechanical components of
strain and the electric ﬁeld, respectively.
According to Eq. (12), the constitutive equations can be simpli-
ﬁed as
rij ¼ Cijklemkl  elijEml ;
Di ¼ eiklemkl þ jilEml :
ð13Þ
According to Hwu (2008), Eq. (13) is equivalent to the following
set of equations:
emij ¼ Sijklrkl þ gkijDk;
Emi ¼ giklrkl þ bikDk:
ð14Þ
Using the relationship between the indices 11? 1, 22? 2,
33? 3, 23? 4, 31? 5, 12? 6, Eq. (13) can be written in Voigt
notation as
ra ¼ Cabemb  esaEms ;
Di ¼ eibemb þ jisEms ;
ð15Þ
where a;b ¼ 1; . . . ;6 and i, s = 1, 2, 3.
For convenience, we deﬁne a generalized matrix Cek for the
plane strain state as
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C11 C12 C16 e11 e21
C21 C22 C26 e12 e22
C61 C62 C66 e16 e26
e11 e12 e16 j11 j12
e21 e22 e26 j21 j22
2
66664
3
77775: ð16Þ
Then, Eqs. (13) and (14) can be simpliﬁed as
r^ ¼ Ceke^m; ð17Þ
e^m ¼ Sekr^; ð18Þ
where r^ and e^m are given by
r^ ¼ ra
Di
 
; ð19Þ
e^m ¼ e
m
b
Ems
 
¼ e
t
b  asDT
Ets  gsDT
 
: ð20Þ
Using the matrix Cek, we can write
aij
gi
 
¼ C1ek
kkl
vl
 
: ð21Þ
As a result, the thermal expansion coefﬁcients and the pyroelec-
tric ﬁeld constants can be expressed by kkl, vl, and the generalized
matrix Cek .
3. The interaction energy integral for piezoelectric materials
under thermal loading
3.1. Auxiliary ﬁelds for piezoelectric materials
In this subsection, the auxiliary ﬁelds used in the interaction en-
ergy integral method for piezoelectric materials are introduced. As
shown in Fig. 2, the polar coordinates (r, h), the auxiliary electro-
mechanical stress and the auxiliary electrical displacement ﬁelds
can be written as (Rao, 2009; Yu et al., 2012)
rauxij ðr; hÞ ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
X
N
KauxN f
N
ij ðhÞ; ð22Þ
Dauxi ðr; hÞ ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
X
N
KauxN g
N
i ðhÞ: ð23Þ
The auxiliary mechanical displacements and the electric poten-
tial are deﬁned as
uauxi ðr; hÞ ¼
ﬃﬃﬃﬃﬃ
2r
p
r X
N
KauxN d
N
i ðhÞ; ð24Þ
/auxðr; hÞ ¼
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2r
p
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N
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Fig. 2. The contour integrals and integral domain around the crack tip.The auxiliary strain ﬁelds, the electric ﬁelds and their relations
to the auxiliary electromechanical stress and auxiliary electrical
displacement ﬁelds are given by
eauxij ¼ Sijklrauxkl þ gkijDauxk ;
Eauxi ¼ giklrauxkl þ bikDauxk ;
ð26Þ
where KauxN are the auxiliary intensity factors, and the subscript N
concludes {II, I, III, IV} which represents different fracture opening
modes; f Nij ðhÞ, gNi ðhÞ, dNi ðhÞ, and vN(h) are the angular functions,
which are given in the Appendix A. Their values depend only on
the material properties at the crack tip.
3.2. Interaction energy integral for piezoelectric materials without
interfaces
The J-integral given by Kuna (2006, 2010) for piezoelectric
materials is
J ¼ lim
C0!0
Z
C0
ðHd1j  rijui;1  Dj/;1ÞnjdC; ð27Þ
where H ¼ rijemij  DiEmi is the electric enthalpy density for thermo-
electro-mechanical loading and dij is the Kronecker delta. C0 is the
integral path, as shown in Fig. 2.
In this paper, the crack faces are assumed to be mechanical trac-
tion-free and electrically impermeable. According to this assump-
tion, it is straightforward to show that the J-integral can be
reduced to the following form on one closed contour C2:
J ¼ lim
C0!0
I
C2
ðrijui;1 þ Dj/;1  Hd1jÞmjqdC: ð28Þ
Here, mj is the outward normal vector to the contour C2,
C2 ¼ C1 þ Cþc  C0 þ Cc , as shown in Fig. 2, and q is an arbitrary
smooth weight function with values that vary from 1 on C0 to 0
on C1 .
Consider two independent equilibrium states of the cracked
body. Let state 1 and state 2 correspond to the actual state and
an auxiliary state, respectively. The superposition of these two
states leads to a new equilibrium state. Using Eq. (28), the
J-integral corresponding to the new state, denoted by Jauc+aux, can
be expressed as
Jactþaux ¼ lim
C0!0
I
C2
ðrijþrauxij Þðui;1þuauxi;1 ÞþðDjþDauxj Þð/;1þ/aux;1 Þ
12 ðrikþrauxik Þðemik þeauxik ÞðDiþDauxi ÞðEmi þEauxi Þ
 
d1j
( )
mjqdC:
ð29Þ
The variables with superscript ‘‘aux’’ and the variables without
the superscript belong to the auxiliary state 2 and the actual state
1, respectively. The expansion of Eq. (28) leads to
Jactþaux ¼ Jact þ Jaux þ I; ð30Þ
where the interaction energy integral related to the actual state and
auxiliary state can be derived as
I ¼ lim
C0!0
I
C2
rauxij ui;1 þ rijuauxi;1 þ Dj/aux;1 þ Dauxj /;1
 12 rauxik emik þ rikeauxik  DiEauxi  Dauxi Emi
 	
d1j
( )
mjqdC:
ð31Þ
According to the deﬁnition of the auxiliary ﬁelds and Eqs. (13),
(14), and (26), we obtain
rauxik e
m
ik  Dauxi Emi ¼ rikeauxik  DiEauxi : ð32Þ
Thus, the interaction energy integral can be simpliﬁed as
I ¼ lim
C0!0
I
C2
rauxij ui;1 þ rijuauxi;1 þ Dj/aux;1 þ Dauxj /;1
n
 rauxik emik  Dauxi Emi Þd1j
 

mjqdC: ð33Þ
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Fig. 3. A schematic illustration of a domain integral cut by an interface.
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the contour integral is converted into an equivalent domain inte-
gral (Moran and Shih, 1987). By applying the divergence theorem
to Eq. (33), we obtain
I ¼ Ih þ Inonh; ð34Þ
where
Ih¼
Z
A
rauxij ui;1þrijuauxi;1 þDj/aux;1 þDauxj /;1ðrauxik emik Dauxi Emi Þd1j
n o
q;jdA;
ð35Þ
Inonh¼
Z
A
(
rauxij ui;1þrijuauxi;1 þDj/aux;1 þDauxj /;1ðrauxik emik Dauxi Emi Þd1j
)
;j
qdA:
ð36Þ
Expanding the nonhomogeneous term Inonh, we obtain
Inonh¼
Z
A
rauxij;j ui;1þrauxij ui;j1þrij;juauxi;j1 þrijuauxi;j1 þDj;j/aux;1 þDj/aux;j1
þDauxj;j /;1þDauxj /;j1ðrauxij;1 emik þrauxij emij;1Dauxj;1 Emj Dauxj Emj;1Þ
( )
qdA:
ð37Þ
According to the equilibrium equations, we have
rij;j ¼ 0; Dj;j ¼ 0; rauxij;j ¼ 0; Dauxj;j ¼ 0: ð38Þ
Then, the nonhomogeneous term of the interaction energy
integral becomes
Inonh ¼
Z
A
rauxij ui;j1 þ rijuauxi;j1 þ Dj/aux;j1 þ Dauxj /;j1
 rauxij;1 emik þ rauxij emij;1  Dauxj;1 Emj  Dauxj Emj;1
 
8<
:
9=
;qdA: ð39Þ
Using the deﬁnitions of the strains and the electric ﬁeld, we can
further write the terms rauxij ui;j1 and D
aux
j /;j1 in Eq. (39) as
rauxij ui;j1 ¼
1
2
rauxij ðui;j1 þ uj;i1Þ ¼ rauxij etij;1 ¼ rauxij ðemij;1 þ ethij;1Þ; ð40Þ
Dauxj /;j1 ¼ Dauxj Eti;1 ¼ Dauxj ðEmi;1  Ethi;1Þ: ð41Þ
Substituting Eqs. (40) and (41) into Eq. (39), we have
Inonh¼
Z
A
rijuauxi;j1 þDj/aux;j1 rauxij;1 emik þDauxj;1 Emj þrauxij ethij;1þDauxj Ethj;1
n o
qdA:
ð42Þ
For further derivation, two extra strain ﬁelds, e^auxij and E^auxi , are
introduced as follows
e^auxij ¼ Stipijklrauxkl þ gtipkijDauxk ; ð43Þ
E^auxi ¼ gtipiklrauxkl þ btipik Dauxk ; ð44Þ
where Stipijkl, g
tip
kij , and bik are the material parameters evaluated at the
location of the crack tip. According to the extra strain ﬁelds, we can
obtain the following formulae:
e^auxij ¼
1
2
ðuauxi;j þ uauxj;i Þ; ð45Þ
E^auxi ¼ /;i: ð46Þ
Using the deﬁnitions of the extra strain ﬁelds e^auxij and E^auxi , the
ﬁrst two integrands in Eq. (42) can be written as
rijuauxi;j1 ¼ rij Stipijklrauxkl;1 þ gtipkijDauxk;1
 
; ð47Þ
Dj/
aux
;j1 ¼ Dj gtipiklrauxkl  btipik Dauxk
 
: ð48ÞAccording to Eq. (14), the third and fourth terms in Eq. (42) can
be expressed as
rauxij;1 e
m
ik ¼ rauxij;1 ðSijklrkl þ gkijDkÞ; ð49ÞDauxj;1 E
m
j ¼ Dauxj;1 ðgiklrkl þ bikDkÞ: ð50Þ
Substituting Eqs. (47)–(50) into Eq. (42), the nonhomogeneous
term Inonh can be determined as
Inonh ¼
Z
A
rij StipijklSijkl
 
rauxkl;1þrij gtipkij gkij
 
Dauxk;1 þDj gtipkij gkij
 
rauxkl;1
Dj bikbtipik
 
Dauxk;1 þrauxij ethij;1þDauxj Ethj;1
8><
>:
9>=
>;qdA:
ð51Þ
Finally, the interaction energy integral for the thermal fracture
problems of piezoelectric materials can be written as
I ¼
Z
A
rauxij ui;1 þ rijuauxi;1 þ Dj/aux;1 þ Dauxj /;1
 rauxik emik  Dauxi Emi
 	
d1j
( )
q;jdA
þ
Z
A
rij Stipijkl  Sijkl
 
rauxkl;1 þ rij gtipkij  gkij
 
Dauxk;1
þDj gtipkij  gkij
 
rauxkl;1  Dj bik  btipik
 
Dauxk;1 Þ
8><
>:
9>=
>;qdA
þ
Z
A
rauxij e
th
ij;1 þ Dauxj Ethj;1
 
qdA;
ð52Þ
where the last term in Eq. (52) is the thermal contribution to the
interaction energy integral, which can be denoted by Ithermal and fur-
ther written as
Ithermal ¼
Z
A
rauxij ðaij;1DT þ aijDT ;1Þ þ Dauxj ðgj;1DT þ gjDT ;1Þ
 
qdA:
ð53Þ
This is a new term in the interaction energy integral for the
thermal problems of piezoelectric materials. If all ﬁelds involved
in Eq. (52) can be obtained, then the interaction energy integral
for piezoelectric materials without any interfaces can be
determined.
3.3. Interaction energy integral for piezoelectric materials with an
interface
In this section, we discuss the interaction energy integral meth-
od for piezoelectric materials with an interface.
As shown in Fig. 3, the integral contour C2 is divided by an
interface Cinterface that is perfectly bonded. Thus, domain A is di-
vided into two parts, A+ and A, which are enclosed by contours
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Cþc  C0 þ Cc and C02 ¼ C21 þ Cinterface.
When the interface intersects the integral path C2, the form of
the interaction energy integral in Eq. (33) can be rewritten as
I ¼
Z
A
rauxij ui;1 þ rijuauxi;1 þ Dj/aux;1 þ Dauxj /;1
 rauxik emik  Dauxi Emi
 	
d1j
( )
q;jdA
þ
Z
A
rij Stipijkl  Sijkl
 
rauxkl;1 þ rij gtipkij  gkij
 
Dauxk;1
þDj gtipkij  gkij
 
rauxkl;1  Dj bik  btipik
 
Dauxk;1 Þ
8><
>:
9>=
>;qdA
þ IthermalAþ þ IthermalA þ Iinterface;
ð54Þ
where IthermalAþ and I
thermal
A are domain integrals as a result of the ther-
mal contributions in domains A+ and A, respectively. The domain
integrals can be expressed as
IthermalAþ ¼
Z
Aþ
rauxij ðaij;1DT þ aijDT ;1Þ þ Dauxj ðgj;1DT þ gjDT ;1Þ
 
qdA;
ð55Þ
IthermalA ¼
Z
A
rauxij ðaij;1DT þ aijDT ;1Þ þ Dauxj ðgj;1DT þ gjDT ;1Þ
 
qdA:
ð56Þ
Additionally, Iinterface is a line integral along the interface, deter-
mined as the expression shown below
Iinterface ¼
R
Cinterface
rauxik emikd1j  rauxij ui;1  rijuauxi;1  Dj/aux;1

Dauxj /;1  Dauxi Emi d1j
r
mjqdC
þRCinterface rauxik emikd1j  rauxij ui;1  rijuauxi;1  Dj/aux;1

Dauxj /;1  Dauxi Emi d1j
s
mjqdC:
ð57Þ
Here, the terms within the two parentheses marked by the
superscriptsr andsmean that the terms are associated with do-
mains A+ and A, respectively.
To simplify the line integral, Iinterface, curvilinear coordinates
(n1, n2) are deﬁned. As shown in Fig. 4, point P and its coordinates
of (n1, n2) can be expressed as
n1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  x0Þ2 þ ðx2  y0Þ2
q
; n2 ¼
Z Q
0
dQ ; ð58Þ
where Q (x0, y0) is a point on the interface Cinterface closest to the
point P. The expression @n1
@xi
¼ mi can be obtained from the deﬁnition
of the curvilinear coordinates.
According to the deﬁnitions of the auxiliary ﬁelds, auxiliary
mechanical displacements, auxiliary stresses, auxiliary electric po-
tential, and auxiliary electric displacements and their derivatives
should be continuous on both sides of the interface. Therefore,interfaceΓ
2ξ
1ξ
Q
P
1x
2x
Fig. 4. A schematic illustration of a curvilinear coordinate system.rauxij
 r
¼ rauxij
 s
¼ rauxij ; ð59Þ
Dauxi
 	r ¼ Dauxi 	s ¼ Dauxi ; ð60Þ
@uauxi
@x1
 r
¼ @u
aux
i
@x1
 s
¼ @u
aux
i
@x1
; ð61Þ
@/aux
@x1
 r
¼ @/
aux
@x1
 s
¼ @/
aux
@x1
: ð62Þ
Then, the interface integral can be written as
Iinterface ¼
Z
Cinterface
ðrauxik emrik emsik
 	
m1rauxij ðui;1Þrðui;1Þs
h i
mj
 rrij rsij
 
uauxi;1 mj Drj Dsj
 
/aux;1 mj
Dauxj ð/;1Þrð/;1Þs
h i
mjDauxi Emri Emsi
 
m1Þ
8>>><
>>>:
9>>>=
>>>;
qdC:
ð63Þ
The temperature ﬁelds on both sides of the interface Cinterface
are usually continuous, we have
Tr ¼ Ts ¼ T: ð64Þ
Because the material interface is in equilibrium, the tractions
and the surface charges on both sides of the interface Cinterface
are equal. Thus,
mjrsij ¼ mjrrij ; mjDsj ¼ mjDrj : ð65Þ
Because the interface is assumed to be perfectly bonded, the
derivatives of the mechanical displacements and the actual electric
potential with respect to the curvilinear coordinate n2 are equal on
both sides of the interface, Cinterface. This yields
@ui
@n2
 r
¼ @ui
@n2
 s
;
@/
@n2
 r
¼ @/
@n2
 s
: ð66Þ
Applying the strain–displacement relations and using the sym-
metry of rauxij , the ﬁrst integrand in Eq. (63) can be obtained as
rauxij e
mr
ij  emsij
 
m1 ¼ rauxij
@ui
@xj
 r
 @ui
@xj
 s" #
m1
 rauxij ethij
 r
 ethij
 s 
m1: ð67Þ
Applying the chain rule to Eq. (67), we obtain
rauxij e
mr
ij  emsij
 
m1 ¼ rauxij
@ui
@nk
 r
 @ui
@nk
 s" #
@nk
@xj
m1
 rauxij ethij
 r
 ethij
 s 
m1: ð68Þ
Using Eq. (63) and the expression @n1
@xi
¼ mi, Eq. (68) can be sim-
pliﬁed as
rauxij e
mr
ij  emsij
 
m1 ¼ mjrauxij
@ui
@n1
 r
 @ui
@n1
 s" #
m1
 rauxij ethij
 r
 ethij
 s 
m1: ð69Þ
Using the chain rule and substituting Eq. (66) into the second
integrand in Eq. (63), we have
rauxij ðui;1Þr  ðui;1Þs
h i
mj ¼ mjrauxij
@ui
@n1
 r
 @ui
@n1
 s" #
m1: ð70Þ
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term in Eq. (63) are equal to zero. That is,
mj rrij  rsij
 
uauxi;1 ¼ 0; ð71Þ
mj D
r
i  Dsi
 
/aux;1 ¼ 0: ð72Þ
Similarly, using the deﬁnition of the electric ﬁeld and substitut-
ing Eq. (66) and @n1
@xi
¼ mi into the ﬁfth integrand in Eq. (63), we
obtain
Dauxj E
mr
i  Emsi
 
m1 ¼ mjDauxj
@/
@n1
 r
@/
@n1
 s" #
m1
þ Dauxi Ethi
 r
 Ethi
 s 
m1: ð73Þ
Similarly, the sixth integrand in Eq. (63) becomes
Dauxj ð/;1Þr  ð/;1Þs
h i
m1 ¼ mjDauxj
@/
@n1
 r
 @/
@n1
 s" #
m1: ð74Þ
Substituting Eqs. (69)–(74) into Eq. (63), we obtain
Iinterface ¼
Z
Cinterface
rauxij e
th
ij
 s
 ethij
 r 
m1þDauxi Ethi
 s
 Ethi
 r 
m1
 
qdC:
ð75Þ
By using ethij ¼ aklDT and Ethi ¼ giDT , we have
Iinterface ¼
Z
Cinterface
rauxij a
s
ij  arij
 
þ Dauxi gsi  gri
 	n o
DTm1qdC:
ð76Þ
Finally, the interaction energy integral in Eq. (54) for piezoelec-
tric materials with an interface can be determined.
Now, the applicability of the present interaction energy inte-
gral is considered. It is evident that the present interaction en-
ergy integral is applicable to the study of thermal fracture
problems in homogeneous piezoelectric materials in the absence
of interfaces. In the following discussion, we assume that three
types of interfaces in the piezoelectric materials, including (1)
a mechanical interface, (2) an electrical interface, and (3) a ther-
mal interface.
For the ﬁrst two types of interfaces, there are no derivatives of
the mechanical and electrical properties in Eq. (54), thus the inter-
action energy integral is applicable in these two cases.
Next, we focus on whether the present interaction energy inte-
gral is applicable to thermal fracture problems in piezoelectric
materials with a thermal interface. For convenience, we discuss
two types of thermal interfaces, a weak thermal interface and a
strong thermal interface. A weak thermal interface means that
the thermal properties are continuous but that their derivatives
are not continuous on both sides of the interface. Alternatively, a
strong thermal interface means that both the thermal properties
and their derivatives are discontinuous on either side of the
interface.
To state the problem clearly, we discuss individually whether
the terms in Eq. (54) are applicable to the study of problems with
a thermal interface.
(i) There are no thermal properties in the ﬁrst two terms of Eq.
(54). Hence, the ﬁrst two terms are applicable to the thermal
interface.
(ii) The values of the thermal properties and their derivatives
are continuous in either A+ or A. As a result, the two terms
IthermalAþ and I
thermal
A are applicable to both weak and strong
thermal interfaces.(iii) For the last term, Iinterface, if the thermal interface is weak,
the thermal properties on both sides of interface are contin-
uous, so the last term in Eq. (54) vanishes, i.e., Iinterface = 0.
Thus, Iinterface is applicable to the case with a weak thermal
interface. For a strong thermal interface, although their
derivatives are either discontinuous or do not exist on both
sides of the interface, the interface integral Iinterface does not
contain any derivatives of thermal properties. Thus, Iinterface
is also applicable to this case with a strong thermal interface.
Therefore, the interaction energy integral is applicable to all
cases discussed above, regardless of whether the material proper-
ties on either side of the interface are continuous or not.
Due to the arbitrarily chosen domain size in the above deriva-
tion, the present interaction energy integral is domain-indepen-
dent. In the following subsection, we discuss how to obtain the
TSIFs and EDIF using the domain-independent interaction energy
integral developed above.
3.4. Extraction of the TSIFs and EDIF from the interaction energy
integral
For piezoelectric materials, the relationship between interac-
tion energy integral and the intensity factors are given as (Rao
and Kuna, 2008)
I ¼ KIIKauxII Y11 þ KIKauxI Y22 þ KIVKauxIV Y44
þ KIKauxII þ KIIKauxI
 	
Y12 þ KIIKauxIV þ KIVKauxII
 	
Y14
þ KIKauxIV þ KIVKauxI
 	
Y24; ð77Þ
where YMN are components of the (4  4) generalized Irwin matrix
Y given in Appendix B.
If the auxiliary state is the mode-I fracture state, i.e., KauxI ¼ 1,
KauxII ¼ KauxIV ¼ 0, then Eq. (77) can be reduced to
IðIÞ ¼ KIY22 þ KIIY12 þ KIVY24: ð78Þ
Similarly, if the auxiliary state is the mode-II or mode-IV frac-
ture state, Eq. (77) can be reduced to
IðIIÞ ¼ KIIY11 þ KIY12 þ KIVY14; ð79Þ
or
IðIVÞ ¼ KIIY14 þ KIY24 þ KIVY44; ð80Þ
respectively. By solving the set of Eqs. (78)–(80), the TSIFs and EDIF
then can be obtained if the interaction energy integrals I(I), I(II), and
I(IV) are determined.
4. Examples and discussion
In this section, ﬁrst, a thermal crack problem in a piezoelectric
plane is studied to verify the validity of the present method. Then,
the domain-independence of the interaction energy integral is
checked in a nonhomogeneous piezoelectric material containing
an interface, as well as lacking an interface. Next, the inﬂuence of
the material discontinuity on the TSIFs and EDIF is investigated. Fi-
nally, the inclined crack problems in piezoelectric materials sub-
jected to different thermal loadings are considered.
4.1. Veriﬁcation of the present method
To verify the applicability of the present method, a thermal
crack problem in a piezoelectric plane is studied. As shown in
Fig. 5, a central crack is present in a homogeneous piezoelectric
plane. The crack length is 2a and the thickness is 2h. The length
is assumed to be 2L = 8h relative to an inﬁnitely long plane. It is as-
hh−
cc−
y
x
0T
0T−
o L
Fig. 5. A schematic of a homogeneous piezoelectric plane with an inner crack.
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top and the bottom planes, respectively. The crack faces are as-
sumed to be thermally and electrically insulated. In 2007, this
problem was studied by Ueda (2007b). The material properties
and the boundary conditions are the same as those used by Ueda
(2007b).
Fig. 6 shows a comparison of the present mode II TSIFs with the
analytical values given by Ueda (2007b). It can be seen that the
present results agree well with those of Ueda.
4.2. Veriﬁcation of the domain-independence of the interaction energy
integral
Note that in the works by Ueda (2007a, b) and Rao and Kuna
(2010), the crack faces are treated as thermally insulated. However,
in our work, the crack surfaces are assumed to be permeable with
respect to temperature ﬁelds.
Three numerical simulations are run to assess the domain-inde-
pendence of the present interaction energy integral. A piezoelectric
plate that contains an edge crack of length a is shown in Fig. 1,
where W denotes the width, and L, the length. The material prop-
erties vary along the x-axis and can be expressed as
ðCij; eij;jijÞ ¼ ðCij0; eij0;jij0Þ expðbx=WÞ; ð81Þ
ðk1; k2Þ ¼ ðk10; k20Þ expðxx=WÞ; ð82Þ
ðkij;viÞ ¼ ðkij0;vi0Þ expðdx=WÞ; ð83Þ
where the nonhomogeneous parameters b, x, and d are positive or
negative constants; (k1, k2) are the orthotropic coefﬁcients of heat0.0 0.2 0.4 0.6 0.8 1.0
0.00
0.03
0.06
0.09
|K
II|/
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30
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(π
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 Present results
 Ueda's results (2007b) (βh=0.0)
Fig. 6. A comparison of the present mode-II TSIFs with the analytical values given
in Ueda’s paper.conduction; the subscript 0 indicates that the material parameters
whose values are given below are evaluated at the plane x = 0.
C110 = 126 GPa, C220 = 117 GPa, C120 = 53 GPa, C130 = 55 GPa,
C440 = 353 GPa, e210 =  6.5 C/m2, e220 = 23.3 C/m2, e160 = 17 C/m2,
j110 =  15.1  109 C/Vm, j220 = 13  109 C/Vm, k10 = 50 W/km,
k20 = 75 W/km, k110 ¼ 1:9738 106Pa=K, k220 ¼ 1:4165 106Pa=K,
k120 ¼ 0Pa=K, v10 = 0 N/(Vm K), v20 =  5.4831  106N/(Vm K).
The geometry of the plate is W = L = 20, and the crack length is
given as a = 9. The left and right boundary conditions for the tem-
perature ﬁeld are assumed to be T1 = T2 = 10 C. The top and bot-
tom boundaries are established as adiabatic. The initial
temperature T0 is taken to be 0 C. The displacement boundaries
are chosen as uy = 0 at the lower left and lower right points, and
the other boundaries are free edges. The normalized factors for
TSIFs and EDIF are K0I ¼ k220DT
ﬃﬃﬃﬃﬃﬃ
pa
p
and K0IV ¼ v20DT
ﬃﬃﬃﬃﬃﬃ
pa
p
, respec-
tively, specifying the conditions of generalized plane stain.
First, we set the nonhomogeneous parameters to be same, i.e.,
b =x = d. To verify the domain-independence of the TSIFs and
EDIF, in this example, ﬁve different integral domains with
RC/Rtip = (4, 8, 16, 24, 32), as shown in Fig. 7, are chosen. Here, Rtip
is the edge length of the element that contains the crack tip, and
RC is the radius of the reference circle whose center is located at
the crack tip. Table 1 presents the normalized TSIFs and EDIF for
different integral domains. It can be found that the relative error
is less than 0.1%.
According to Eq. (21), the thermal expansion coefﬁcients akl and
the piezoelectric ﬁeld constants gl are homogeneous in the
piezoelectric plate when b =x = d. Next, we discuss whether the
domain-independence of the interaction energy integral still holds
for nonhomogeneous akl and gl. The nonhomogeneous parameters
are set to be b = 0, x = 0, d– 0 or b– 0, x = 0, d = 0. Table 2
presents the normalized TSIFs and EDIF in a nonhomogeneous
piezoelectric material for different integral domains. It can be seen
that the relative error is less than 0.2%.
In the above two examples, the interface integral Iinterface in Eq.
(76) is zero because there is no interface in the plate.
At last, we verify the domain-independence of the present
method for a piezoelectric plate with an interface. A perfect
bonded interface is present in the middle (x = 0.5W) of the nonho-
mogeneous piezoelectric plate. On the left side of the plate, the
material is assumed to be homogeneous, that is, the nonhomo-
geneous parameters b =x = d = 0. On the right side of the plate,
the material properties are also homogeneous, but the properties
are expressed as
ðCij; eij;jijÞ ¼ ðCij0; eij0;jij0Þ; ð84Þ
ðk1; k2Þ ¼ ðk10; k20Þ; ð85Þ
ðkij;viÞ ¼ 10  ðkij0;vi0Þ: ð86Þ
In this case, the interface integral Iinterface in Eq. (76) is not zero
because the thermal expansion coefﬁcients and the piezoelectric
ﬁeld constants on both sides of the plate are discontinuous. Table
3 shows the normalized TSIFs and EDIF for different integral do-
mains. It can be seen that the relative error is less than 0.2%,
regardless of whether the interface intersects the integral domain
(RC=Rtip P 8) or not (RC/Rtip < 8).
Thus, the above three examples successfully verify the domain-
independence of the present interaction energy integral method.
4.3. Inﬂuence of the thermo-electro-mechanical properties on the TSIFs
and EDIF
In this subsection, the inﬂuence of the thermo-electro-mechan-
ical properties on the TSIFs and EDIF is investigated. As shown in
Fig. 8, an inner crack is present in a nonhomogeneous piezoelectric
Crack
c tipR / R 4= c tipR / R 32=Interface
cR
Fig. 7. Different integral domains around the crack tip.
Table 1
The mode-I TSIFs and EDIF for different integral domains with the same nonhomogeneous parameters.
Rc/Rtip 4 8 16 24 32
b =x = d = 0 KI=K0I 0.0386 0.0386 0.0386 0.0386 0.0386
KIV=K
0
IV
2.4322 2.4321 2.4322 2.4323 2.4323
x = d = b = 0.25 KI=K0I 0.3417 0.3416 0.3416 0.3416 0.3416
KIV=K
0
IV
78.8734 78.8613 78.8586 78.8575 78.8567
b =x = d =  0.25 KI=K0I 0.002 0.002 0.002 0.002 0.002
KIV=K
0
IV
0.3465 0.3465 0.3465 0.3465 0.3465
Table 2
The mode-I TSIFs and EDIF for different integral domains with different nonhomogeneous parameters.
Rc/Rtip 4 8 16 24 32
b ¼ x ¼ 0
d ¼ 0:25
KI=K
0
I
0.0106 0.0106 0.0106 0.0106 0.0106
KIV=K
0
IV
0.2376 0.2376 0.2377 0.2378 0.2379
x ¼ d ¼ 0
b ¼ 0:25
KI=K
0
I
0.2901 0.29 0.29 0.29 0.29
KIV=K
0
IV
46.1023 46.1046 46.1076 46.1083 46.1086
Table 3
The TSIFs and EDIF for different integral domains in a piezoelectric plate with an
interface.
Rc/Rtip 4 6 8 16 24 32
KI=K
0
I
1.2535 1.2535 1.2537 1.2537 1.2537 1.2537
KII=K
0
I
0.1032 0.1032 0.1032 0.1032 0.1032 0.1032
KIV=K
0
IV
28.1891 28.1865 28.1932 28.192 28.1921 28.1923
Polarization 
a
A Bc
a
1T
2T
o x
Adiabatic
Adiabatic
L
y
W
Interface
Fig. 8. An inner crack in a nonhomogeneous piezoelectric plate containing an
interface under thermal loading.
F. Guo et al. / International Journal of Solids and Structures 51 (2014) 910–921 917plate with an interface. The symbols A and B denote two crack tips.
The crack length is 2a, and the x-coordinate of the crack center is c.
The interface is perfectly bonded and located at the center of the
plate (x = 0.5W). In this example, the width W and the length L
are set to be 20, and the crack length is a = 1. The boundary and ini-
tial conditions for the temperature ﬁeld are the same as those used
in previous examples.
918 F. Guo et al. / International Journal of Solids and Structures 51 (2014) 910–921To study the inﬂuence of the mechanical properties on the
TSIFs and EDIF, the material properties are deﬁned as follows.
On the left side of the plate (x 6 0:5W), the material properties
are given by
ðCij; eij;jijÞ ¼ ðCij0; eij0;jij0Þ expðbx=WÞ ðx 6 0:5WÞ; ð87Þ
ðk1; k2Þ ¼ ðk10; k20Þ expðxx=WÞ ðx 6 0:5WÞ; ð88Þ
ðkij;viÞ ¼ ðkij0;vi0Þ expðdx=WÞ ðx 6 0:5WÞ: ð89Þ
On the right side of the plate (x > 0.5W), the thermal conductiv-
ity can be expressed as
ðk1; k2Þ ¼ ðk10; k20Þ expðxx=WÞ ðx > 0:5WÞ: ð90Þ
Three cases for the other material properties are chosen as
Case 1
ðCij; eij;jijÞ ¼ ðCij0; eij0;jij0Þ expðbx=WÞ
ðkij;viÞ ¼ ðkij0;vi0Þ expðdx=WÞ

ðx > 0:5WÞ;
ð91Þ
Case 2
ðCij; eij;jijÞ ¼ ðCij0; eij0;jij0Þ expðb0:5Þ
ðkij;viÞ ¼ ðkij0;vi0Þ expðd0:5Þ

ðx > 0:5WÞ;
ð92Þ
Case 3
ðCij; eij;jijÞ ¼ 2ðCij0; eij0;jij0Þ expðbx=WÞ
ðkij;viÞ ¼ 2ðkij0;vi0Þ expðdx=WÞ

ðx > 0:5WÞ;
ð93Þ
where b =x = d = 0.25. In Case 1, the mechanical and electrical
properties and their derivatives are continuous. In Case 2, the
mechanical and electrical properties are continuous but their deriv-
atives are discontinuous. In Case 3, both the mechanical and electri-
cal properties and their derivatives are discontinuous. In the above
three cases, the interface integral is zero because the thermal
expansion coefﬁcient and the pyroelectric ﬁeld constants are con-
tinuous on both sides of the interface.
Note that when the crack tip is on the interface or very close to
it, the stresses lose the inverse square root singularity and instead
they abide by (Hutchinson and Suo, 1992)
rij  KrsfijðhÞ; ð94Þ
where the factor K plays a role analogous to that in the regular SIF,
and fij(h) are dimensionless angular distributions. The singularity
exponent s (0 < s < 1) depends on the mismatch of the material elas-
tic properties. If the ratio of the distance between the crack tip and0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.7
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Fig. 9. The normalized mode-I TSIFs and EDIFthe interface to the crack length ismore than 0.03, the inverse square
root is still valid (Erdogan et al., 1974; Wang and Chau, 2001; Yu
et al., 2009). In this work, a similar assumption as that of Erdogan
et al. (1974), Wang and Chau (2001), and Yu et al. (2009) is adopted,
namely, the distance from the crack tip to the interface is restricted
to be no less than 3% of the crack length. The stress singularity in the
computation process should remain 0.5.
Figs. 9–11 show the normalized mode-I TSIFs and EDIF com-
puted by the present method for the three cases. It can be observed
that when the crack passes through the interface, the mode-I TSIFs
and EDIF for Case 1 vary smoothly. However, a sudden change in
the values of the mode-I TSIFs and EDIF can be observed when
the crack is close to the interface (c/W  0.45 or c/W  0.55), as
in Case 2 and Case 3.
Next, we study two more cases in which the interface integrals
are not zero. For these two cases, the material properties on the
right side of the plate are set to be
Case 4
ðCij; eij;jijÞ ¼ ðCij0; eij0;jij0Þ expðbx=WÞ
ðkij;viÞ ¼ 2ðkij0;vi0Þ expðdx=WÞ

ðx > 0:5WÞ;
ð95Þ
Case 5
ðCij; eij;jijÞ ¼ 2ðCij0; eij0;jij0Þ expðbx=WÞ
ðkij;viÞ ¼ ðkij0;vi0Þ expðdx=WÞ

ðx > 0:5WÞ:
ð96Þ
From Eqs. (95) and (96), it can be seen that the interface inte-
grals of Case 4 and Case 5 are not zero. Figs. 12 and 13 show the
variation of the normalized mode-I TSIFs and EDIF with the crack
position c/W for Case 4 and Case 5. It can be seen that the varia-
tions are not smooth when the crack passes the interface. It can
be concluded that the mismatch of material properties at the inter-
face can signiﬁcantly inﬂuence the mode-I TSIFs and EDIF.
4.4. Inclined crack problems in piezoelectric materials under thermal
loading
Fig. 14 shows an inclined central crack in a nonhomogeneous
piezoelectric plate. The crack length is 2a, and the crack angle is
h. The properties of the piezoelectric plate are adopted as
ðCij; eij;jijÞ ¼ ðCij0; eij0;jij0Þ; ð97Þ
ðk1; k2Þ ¼ ðk10; k20Þ expðxx=WÞ; ð98Þ
ðkij;viÞ ¼ ðkij0;vi0Þ expðdx=WÞ: ð99Þ0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75
-100
-80
-60
-40
-20
0
20
40
60
80
K I
V/K
IV
c/W
 KIV(A)/K
0
IV
 KIV(B)/K
0
IV
vary with the crack position for Case 1.
0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75
-0.10
-0.08
-0.06
-0.04
-0.02
0.00
0.02
0.04
0.06
0.08
K I
/K
0 I
c/W
 KI(A)/K
0
I
 KI(B)/K
0
I
Interface
0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75
-40
-35
-30
-25
-20
-15
-10
-5
0
5
10
15
20
25
K I
V/K
IV
c/W
 KIV(A)/K
0
IV
 KIV(B)/K
0
IV
Interface
Fig. 10. The normalized mode-I TSIFs and EDIF vary with the crack position for Case 2.
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Fig. 11. The normalized mode-I TSIFs and EDIF vary with the crack position for Case 3.
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Fig. 12. The normalized mode-I TSIFs and EDIF vary with the crack position for Case 4.
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Fig. 14. An inclined central crack in a nonhomogeneous piezoelectric plate
containing an interface under thermal loading.
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asx = d = 0.125. The crack length is a = 0.05W = 0.05L, and the crack
angles range from 0 to 150. Two cases are chosen for the temper-
ature boundary condition on the left and right of the piezoelectricTable 4
The TSIFs and EDIF for different crack angles under uniform temperature increase (T1 = T2
h 0 30 45
KIðAÞ=K0I 0.0965 0.0468 0.0082
KIIðAÞ=K0I 0.022 0.1002 0.1228
KIV ðAÞ=K0IV 11.5971 7.254 4.5407
KIðBÞ=K0I 0.1045 0.0697 0.0184
KIIðBÞ=K0I 0.0481 0.1233 0.1841
KIV ðBÞ=K0IV 9.1842 4.7103 1.5149
Table 5
The TSIFs and EDIF for different crack angles under different temperature changes (T1 = 10
h 0 30 45
KIðAÞ=K0I 1.5753 1.0474 0.4572
KIIðAÞ=K0I 0.2338 1.0525 1.299
KIV ðAÞ=K0IV 72.8357 35.3102 14.7498
KIðBÞ=K0I 1.6618 1.3452 0.4739
KIIðBÞ=K0I 0.5243 1.2281 1.8434
KIV ðBÞ=K0IV 46.7645 3.1752 23.3218plate, i.e., T1 = T2 = 10 C and T1 = 10 C, T2 = 100 C. The boundary
conditions on the top and bottom and the initial condition for the
temperature ﬁeld are the same as those given in previous examples.
Table 4 and Table 5 show the normalized TSIFs and EDIF for different
crack angles and temperature boundaries. It can be seen that the
crack angle and the temperature boundary can also signiﬁcantly
inﬂuence the TSIFs and EDIF.
5. Conclusions
A modiﬁed interaction energy integral method is developed to
solve the crack problems of nonhomogeneous piezoelectric mate-
rials under thermal loading. This modiﬁed method is shown to
be domain-independent. Thus, it provides the possibility to inves-
tigate crack problems in nonhomogeneous piezoelectric materials
containing mechanical, electrical, and thermal interfaces. The do-
main-independence of the approach is veriﬁed by several exam-
ples. The present method can be used to obtain the TSIFs and
EDIF with high efﬁciency. The inﬂuence of the material properties
on the TSIFs and EDIF is investigated. It is found that mechanical,
electrical, and thermal property mismatch at the interface can= 10 C).
60 120 135 150
0.065 0.1138 0.0643 0.0014
0.1159 0.0853 0.1233 0.1332
1.6763 8.3548 9.6949 10.3286
0.1316 0.2034 0.1007 0.0015
0.193 0.154 0.1853 0.1618
1.9613 12.6191 13.5082 13.6095
C, T2 = 100 C).
60 120 135 150
0.153 0.6794 0.1487 0.5262
1.2316 0.9004 1.304 1.4113
5.7854 66.2756 70.2602 68.4241
0.6471 1.4229 0.4149 0.577
1.9394 1.5183 1.8567 1.6436
49.7005 107.9051 106.2828 99.3089
F. Guo et al. / International Journal of Solids and Structures 51 (2014) 910–921 921signiﬁcantly inﬂuence the TSIFs and EDIF. Signiﬁcant inﬂuences of
the crack angle and the temperature boundary condition on the
TSIFs and EDIF also are found.Acknowledgements
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The angular functions f Nij ðhÞ; gNi ðhÞ; dNi ðhÞ, and vN(h) are shown
below (Park and Sun, 1995)
f Ni1 ðhÞ ¼ 
X4
a¼1
Re
MiaNaNpaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
p
( )
;
f Ni2 ðhÞ ¼
X4
a¼1
Re
MiaNaNﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
p
( )
; ðA1Þ
gN1 ðhÞ ¼ 
X4
a¼1
Re
M4aNaNpaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
p
( )
;
gN2 ðhÞ ¼
X4
a¼1
Re
M4aNaNﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
p
( )
; ðA2Þ
dNi ðhÞ ¼
X4
a¼1
Re AiaNaN
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
q 
; ðA3Þ
vNðhÞ ¼
X4
a¼1
Re A4aNaN
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ pa sin h
q 
: ðA4Þ
Here, Re{} and Im{} denote the real part and the imaginary
part, respectively, where pa are conjugate pairs of eigenvalues,
and AMa are the (4  4) eigenvectors, which can be solved by a qua-
dratic eigenvalue problem.
Ctipi1k1
etip1k1
"
etip1i1
jtip11
#
þ C
tip
i1k2
etip1k2
"
etip2i1
jtip12
#(
þ C
tip
i1k2
etip1k2
"
etip2i1
jtip12
#T9=
;p
0
@
þ C
tip
i2k2
etip2k2
"
etip2i2
jtip22
#
p2
!
Ai
A4
 
¼ 0: ðA5Þwhere Ctipijkl, e
tip
jkl , and j
tip
ij are the elastic stiffness, piezoelectric coefﬁ-
cient and dielectric permittivity tensors evaluated at the crack tip
location, respectively. Only the four eigenvalues pa having a positive
imaginary part and the corresponding eigenvectors are used in Eqs.
(A1)–(A4).
The (4  4) matrices MMa and NaN can be calculated by (Park
and Sun, 1995)
N1aN ¼ MMa ¼
ðCi2k1 þ Ci2k2paÞAka þ ðe1i2 þ e2i2paÞA4a
ðe2k1 þ e2k2paÞAka þ ðj21 þ j22paÞA4a
 
: ðA6ÞThe fracture parameters are functions of the material proper-
ties, external loadings, external electrical displacement and
geometry.
Appendix B
The Irwin matrix Y can be deﬁned as (Ricoeur and Kuna, 2003)
Y ¼YMN ¼ 
X4
a¼1
ImfAMaNaNg; ðB1Þ
where M, N = {II, I, III, IV} denote the crack opening modes.
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